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Abstract

Multilevel coding is an important approach for con-
structing powerful coded modulation schemes with
high bandwidth efficiency. We consider multilevel
codes as inner component codes for a serial concatena-
tion with an outer convolutional code in this work. The
performance of such a coding scheme depends among
others on the modulation alphabet and the mapping of
bits onto the symbols, as well as on decoding strate-
gies and the length of each transmitted frame. The
influence of these parameters is considered in this work
whereby we consider transmission over both the AWGN
as well as the Rayleigh fading channel.

1. INTRODUCTION

The serial concatenation of short codes separated by
an interleaver is an efficient method to construct long
and powerful codes. The achievable coding gain can
be quite large whereby the decoding effort can be kept
relatively small when the component codes are decoded
separately. The result of this decoding method can be
improved by carrying out the whole process iteratively
[1].

For communicating at a high spectral efficiency we
use a multilevel code (MLC) [2]. The MLC will be
embedded as inner code in a serial concatenation with
an outer convolutional code (CC) and a random in-
terleaver in between. For conventional serial concate-
nated CCs (SCCC), the serial concatenation of short
CCs is used to achieve large coding gains using itera-
tive decoding methods [1]. A similar behavior can be
expected for the serially concatenated coded modula-
tion scheme. We focus on binary CCs as component
codes of the MLC as well as for the outer code. In
the following we refer to this construction as a serially
concatenated MLC or SCMLC for short.
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We investigate some aspects in the design of MLCs
and their impact on the performance of the SCMLC.
Beside the choice of the level codes and the modulation
alphabet, the way the used alphabet is partitioned into
subsets according to the binary labeling of its symbols
is important [3]. We will investigate this influence using
two different partitioning strategies.

Since the decoding process is carried out iteratively
including an iterative MLC decoder it is possible to ap-
ply various decoding strategies. Special strategies are
presented here to show the influence on the decoding
result.

The blocksize, i.e. the number of information bits
that generate one frame of code symbols, is also an
important parameter in the SCMLC scheme. This is
because the length of the interleaver between the inner
and the outer code is directly related to this param-
eter. The influence of varying blocksizes on the code
performance will also be a topic of our considerations.

In Section 2, there will be a brief introduction into
multilevel coding and the partitioning of modulation
alphabets. The complete SCMLC coding scheme is de-
scribed in Section 3, where also a short description of
the decoding process is given. In Section 4, simulation
results will be presented and interpreted with respect
to the chosen partitioning strategies, decoding strate-
gies and interleaver lengths. This work ends with a
summary of the insights gained about SCMLCs in the
conclusions in Section 5.

2. MULTILEVEL CODING

Multilevel coding is an important approach for con-
structing codes in the Euclidean space and was first in-
troduced in [2]. This coding method is a very flexible
construction to adapt forward error correction schemes
to higher order modulation alphabets by usage of par-



allel component codes, the so called level codes. The
basic idea is that m level codes choose symbols out of
an m-ary alphabet X whereby each level determines
only one of the m address bits of a symbol. Thus the
labeling of a partitioned symbol constellation is pro-
tected by m parallel level codes.

2.1. Multilevel Encoder

In the multilevel encoder we use binary CCs to pro-
tect the address string of each modulation symbol. The
encoder is depicted in Figure 1. The sequence of infor-
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Figure 1: MLC encoding scheme

mation bits v is demultiplexed to the m level encoders
thus resulting in the sequences v\, j = 1,... m.
These sequences are binary vectors (v%‘j)véj) o vl(j )) of
lengths I; depending on the rates r) of the level codes.
These rates and the lengths [; are chosen such that all
sequences of codebits w@) = (wPw{ .. w?) have
the same length [. The level encoder is depicted in
Figure 2 in detail. The input sequence v/ is encoded
and the possibility of puncturing and interleaving (P @)
and 7)) is offered to generate the sequence w(?). The

rate of the punctured level code will be denoted ’I“I(;j ),
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Figure 2: Detailed encoder for level j

The mapper which follows the level encoders takes
one bit from each sequence w7 to select an element of
the alphabet X whereby the codebits of level one are
the most significant bits and those of level m are the
least significant bits. At time instant ¢ we therefore
have the label string (wgl) . --wgm)) selecting the ith
output symbol xz; € X. Thus, the output sequence
x = (z1x2...2;) with a frame length of | symbols is
generated which will then be sent over the channel.

For the design of MLCs there exist many ap-
proaches [3]. One approach is to optimize the asymp-

totic behavior of the code. For the AWGN channel
this results in a preferably high minimum squared Eu-
clidean distance of the MLC. Together with a maxi-
mization of the total code rate, one has to apply the bal-
anced distance rule where for each level the product of
free distance of the code and the minimum squared Eu-
clidean distance of all subsets in the partitioning level
should be equal.

For the Rayleigh fading channel, the asymptotic
code performance is determined by its minimum Ham-
ming distance which therefore has to be maximized.
The Hamming distance rule hence chooses level codes
with equal minimum Hamming distances under the
constraint of a high overall code rate.

Another approach in designing MLCs is the error
probability rule. The level codes are chosen in a way,
that all of them are contributing identically to the total
bit error rate of the ML.C. This method is not restricted
to high Ej, /Ny and can furthermore be applied to both,
the AWGN and the Rayleigh fading channel.

2.2. Partitioning Strategies

The choice of the modulation alphabet and the
mapping of the address bits onto the elements of this
alphabet has main influences on the distance proper-
ties of multilevel codes. The mapping can be seen as a
partitioning of the modulation alphabet.

The alphabet X with |X| = 2™ elements € Cis
partitioned in the first level into two disjoint subsets
according to whether the most significant bit of the
address vector of the symbols is 0 or 1. These subsets
can be further partitioned according to the other m —1
bits of the address vector until all elements of X are
partitioned into |X'| subsets each with only one symbol.
For each partitioning level j, we calculate the minimum
squared Euclidean intra-subset distance §7. With &5 =
62, the minimum squared Euclidean distance of X, and
52, = oo we have

<< <. (1)

The partitioning strategies which are in the focus
of our investigations are the Ungerbdck partitioning [4]
and the Gray labeling. The terms labeling and parti-
tioning strategy are used equivalently here.

The Ungerbock partitioning maximizes the mini-
mum squared Euclidean distance 5]2- in each level. The
increase of 5?- should be as large as possible from level
to level. This can be achieved by partitioning adja-
cent symbols into two different subsets. Thus, we have
B <o <. <8

The second partitioning strategy which is consid-
ered in this work is the Gray labeling. Hereby, the label



strings are mapped to the symbols such that the label-
ings of two nearest neighbors differ only in one digit.
With this strategy no increase of the level distances 5]2-
is achieved, we rather have 67 = 6% for 0 < j < m.

As an example, in Figure 3 the Ungerbock and Gray
partitioning strategies for a 16QAM signal constella-
tion are shown.
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Figure 3: Ungerbock (left) and Gray (right) partitioned
16QAM constellation

2.3. Multilevel Decoder

For decoding MLCs, a method was already pre-
sented in [2], i.e. the multistage decoder (MSD). In this
decoder each level code is decoded separately. The cal-
culated log-likelihood ratios or L-values on the codebits

of level j, denoted w(/) = (w§j) . ’lZ)l(j)>, are passed to

all subsequent levels as a-priori information. The ad-
vantage of this decoding technique is, that the decod-
ing complexity is kept small since the level codes are
decoded separately. An overall decoding of the com-
plete MLC would be very extensive and the reduction
of complexity for MSD is quite large. However, the
drawback of this decoding technique is that no a-priori
information is available for the first level. With sev-
eral repetitions of the MSD decoding step we can over-
come this drawback and improve the performance of
the MLC. The resulting decoder is a so called iterative
MSD or iMSD [5], [6], [7]. The main idea is that the
L-values which are calculated for the codebits of each
level during the first iteration are used as a-priori infor-
mation in the following decoding step. Thus, after the
first iteration, for all levels there is a-priori information
from all other levels available. For a particular level j

. . . - (k<j
and iteration number v these a-priori values are w£ 7)

from levels £ < j of the current iteration and \Xfikjj )
from levels k > j of the previous iteration v — 1. This
improves the performance of the code significantly. In
Figure 4 the iMSD decoding scheme can be seen. Com-
pared with a maximum-likelihood decoder of the over-
all MLC, the complexity of the iMSD method is by far

smaller as already mentioned. Additionally in [7] it was

shown, that the performance of the iMSD is quite close
to the maximum-likelihood decoding result.
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Figure 4: iMSD scheme

3. SCMLC ENCODING AND DECODING
SCHEME

The encoder of the SCMLC scheme is shown in
Figure 5. Assume that the information bits are the
elements of the sequence u = (ujug...uy) of block
length k with u; € GF(2). This is the input of the
outer convolutional encoder. The sequence of encoded
bits of length n at the encoder’s output is denoted
v = (v1vs2...v,). Hence, the rate of the outer code
is r = k/n and if puncturing is applied, then the rate
is denoted 7. After interleaving these codebits using a
random interleaver we get the sequence v’ which is the
sequence of information bits for the inner MLC with
m levels. The inner encoder generates the sequence
x = (x122...2;) with a frame length of [ symbols.
Hereby the elements z; are chosen from the alphabet
X with |X| = 2™. Therefore, the bandwidth efficiency
7 of the SCMLC can be calculated as

n==k/l [bit/s/Hz], (2)
when ideal Nyquist pulse shaping is assumed. This
means that we transmit 7 information bits per modu-
lation symbol.
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Figure 5: SCMLC encoding scheme

The sequence x is transmitted over the channel. For
the AWGN channel the noise vector n = (n1ns...n;),
i.e., a sequence of Gaussian distributed complex-valued



random variables, is added component wise to the se-
quence x. Thus, the elements of the channel output
y = (y1y2...y) can be calculated as y; = x; + n;,
y; € €. For the Rayleigh fading channel with a se-
quence of Rayleigh distributed complex-valued fading
coefficients a = (ajas...a;) we have the channel out-
put y; = a;x; + n;.

The SCMLC decoder can be seen in Figure 6. It
is very similar to the decoding scheme of an SCCC [1].
First, we have an iMSD decoder for decoding the MLC.
The L-values on the inner information bits which were
calculated there, i.e. v ... ¥(™)  are serialized. Ex-
cept for the first iteration, the MLC decoder can make
use of a-priori information L, stemming from the de-
coder of the outer CC. To avoid feeding back the in-
formation from the outer decoder to itself we subtract
L, from the decoding result of the inner decoder which
results in the log-likelihood ratios L.. These L-values
are used as soft input for the outer decoder after dein-
terleaving. The output of the outer decoder are the
L-values on the codebits of the outer CC, denoted L..
The extrinsic information on these bits is obtained by
subtracting the input of the outer decoder from the
output L.. These L-values are interleaved and used
as a-priori information L, about the inner information
bits in a new decoding step. In the outer decoder as
well as in the level decoders of the inner decoder the
BCJR algorithm performs symbol by symbol a poste-
riori probability (s/s-APP) decoding.
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Figure 6: SCMLC decoder scheme

The whole decoding process can be carried out it-
eratively. We investigate different decoding strategies
(DSs) since it is possible to vary the number of iMSD
iterations which are carried out per overall iteration.
For example, if we apply 5 overall iterations and three
iMSD iterations in each of them, we denote this de-
coding strategy DSj5(3-3-3-3-3) or DS5(3°) for short. If
we carry out three iMSD iterations in the first overall
and then only one (MSD) in the four remaining over-
all iterations, this will be denoted DS5(3-1-1-1-1) or
DS5(3-14).

4. SIMULATION RESULTS

The impact of the chosen partitioning strategy, the

decoding strategy and the length of the interleaver on
the performance of SCMLCs is demonstrated by simu-
lation results in this section. The simulations are car-
ried out using an outer mother code of rate r = 1/2
with generator matrix G(D) = (14 D?,1+ D + D?)
[8]. As inner codes we use MLCs with m = 4 levels
together with a 16QAM alphabet whereby the same
mother code as for the outer code is used for the
level codes. The puncturing in each level is chosen
such that the resulting MLC has rate 3/4. The outer
code is punctured to rate 7, = 2/3 thus achieving
a spectral efficiency of n = 2.0 bit/symbol for the
SCMLCs. We communicate over the AWGN channel
and the Rayleigh fading channel and transmit frames
with [ = 504 symbols corresponding to a block length
of k = 1002 information bits. We achieve the above
mentioned efficiency only approximately due to termi-
nation bits for all component encoders.

First, we investigate the influence of the partition-
ing strategy for a given modulation alphabet on the
performance of the SCMLC. We consider the 16QAM
alphabet with Ungerbock (U) and Gray (G) parti-
tioning. For the AWGN channel we have the codes
SCMLC1 (SCMLC2) for 16QAMy (16QAM¢) and
for the Rayleigh fading channel we have analogously
SCMLC3 and SCMLC4. The parameters of these codes
can be seen in Table 1 and Table 2. The MLCs are de-
signed according to the error probability rule, i.e., all
levels have nearly the same contribution to the overall
error rate. The decoding was done by applying 10 over-
all iterations, each with just one inner multistage de-
coding, i.e., DS19(11°). The performance of these codes
is shown in Figure 7 in terms of the BER. For both
channels it can be observed that the codes with Gray
labeling (SCMLC2 and SCMLC4) perform much bet-
ter than those with Ungerbock labeling. Furthermore,
SCMLCs may tend to an error floor [6]. The beginning
of this floor can be seen for code SCMLC4 already at
a BER of 1075, For SCMLCs with Ungerbock labeling
there may be also an error floor. Due to a larger min-
imum squared Euclidean distance in this case, the er-
ror floor may presumably appear only at a much lower
BER.

Now we investigate the influence of the chosen de-
coding strategy on the performance of the SCMLCs.
We consider Ungerbock and Gray partitioning for the
16QAM constellation and transmission over the AWGN
channel. In Figure 8 the BER curves for SCMLC1 us-
ing Ungerbdock labeling and for SCMLC2 using Gray la-
beling are shown. It can be observed that for SCMLC1
both DS;o(11%) and DS;(1°-4) have the lowest BER,
followed by DS10(4-1°) and the worst performance is
achieved by DS10(4!°). Thus, for the Ungerbock par-



titioning it is beneficial for the performance of the
SCMLC to apply only one iteration of the inner decoder
(MSD). No improvement of the BER can be achieved
by applying iMSD in the last overall iteration, i.e.,
DS10(1%-4). However, if in the first overall iteration
iMSD is used, the performance degrades. This is be-
cause the absolute values of log-likelihood ratios with
wrong signs of the inner decoder increase with iMSD it-
erations. Therefore, the outer decoder can only hardly
correct these errors resulting in a higher BER. If ad-
ditionally in any other overall iteration iMSD is used,
this effect is intensified and the performance is signifi-
cantly decreased. For SCMLC2 we do not have such a
large difference of the BERs applying different decod-
ing strategies. A reason for this behavior may be that
each bit of a constellation symbol experiences nearly
the same equivalent channel [3]. Therefore, iterative
decoding between the levels does not help much. The
main contribution to the performance of the SCMLC
is due to the iterations between the inner and the outer
code.

In the following, we analyze the effect of varying
the block length and therefore the length of the inter-
leaver between the inner and the outer code. We focus
on the Gray labeled 16QAM constellation for AWGN
and for Rayleigh fading channel, i.e., SCMLC2 and
SCMLC4, and apply decoding strategy DS10(11°). The
block length is increased by a factor of 10 and of 100
compared to the original block length of k¥ = 1002 in-
formation bits. The BERs of these codes are shown in
Figure 9. For both channels, the performance improves
significantly for increasing the block length since incor-
rect decisions of the inner decoder are spread and thus
the probability of large error bursts for the outer code
is decreased.

Please note that the minimum FEj/Ny which is re-
quired for an error free transmission over the AWGN
channel at n = 2.0 bit/symbol with 16QAM is ~2.1
dB. Using the largest block length for SCMLC2, the
gap to this limit is about 1.2 dB at a BER of 10~°.

5. CONCLUSIONS

In this work, serially concatenated multilevel codes
(SCMLCs) were presented. We investigated the in-
fluence of design parameters for this coding scheme.
We saw that for the AWGN and the Rayleigh fading
channel the codes using a Gray partitioned modula-
tion alphabet perform much better than those using
Ungerbock partitioning. Furthermore, the applied de-
coding strategy is important. For Ungerbock parti-
tioning, the strategy which applies only MSD and the
one which applies iMSD in the last overall iteration

perform best. The iMSD decoding in other iterations
leads to increased error rates. For the Gray partitioned
alphabet, there are no big differences between differ-
ent strategies. Additionally, we varied the interleaver
length. With increasing length, the SCMLC perfor-
mance was significantly improved.
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Table 2: SCMLC parameters for Rayleigh fading

| SCMLC1

| SCMLC2
| outer rate r, = 2/3 [| outer rate r, = 2/3 |
k = 1002 bits k = 1002 bits
I = 504 symbols [ = 504 symbols
level j rl(,j ) level j rl(,j )
1 1/2 1 6/8
2 6/8 2 5/8
3 7/8 3 7/8
4 7/8 4 6/8
16QAM,, 16QAMg

Table 1: SCMLC parameters for AWGN

[ SCMLC3

SCMLC4

| outer rate r, = 2/3 || outer rate 1, = 2/3 |

k = 1002 bits k = 1002 bits
I = 504 symbols [ = 504 symbols
level j r,()j ) level j rz(,j )
1 1/2 1 5/8
2 6/8 2 6/8
3 7/8 3 6/8
4 7/8 4 7/8
16QAMy 16QAMg
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Figure 7: 16QAM partitioning strategies
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