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Abstract— This paper presents a compact model of a
noisy phase-locked loop (PLL) for inclusion in a time-
domain systemsimulation. The phasenoiseof the reference
is modeled as a Wiener process, and the phase noise
contribution of the voltage-controlled oscillator (VCO) is
described as an Ornstein-Uhlenbeck process.The model is
applied to phaseerror modeling for a 60 GHz OFDM system
including correction of the common phase error. A close
agreement is observed between the time-domain simulation
and a fr equency-domainmodel.

I . INTRODUCTION

Integratedphase-locked loopshave found a wide range
of applicationsincluding clock generationin micropro-
cessors,clock and data recovery circuits in fiber-optic
receiversandgenerationof the samplingclock in analog-
to-digital converters(ADC). Thephasenoiseperformance
of integratedPLLs is especiallycritical in RF synthesizers
for 60 GHz WLAN [1] andautomotive radarat 77 GHz,
which hasmotivatedthis work.

Many publicationson PLL noise modeling have ap-
pearedduring the last few years[2]-[12] mainly focussed
on behavioral circuit simulation.For systemsimulations
a more abstractPLL model is requiredto minimize the
simulation time and the required knowledge on circuit
level. In [13]-[15] phasenoisehasbeendiscussedin the
context of OFDM. Thesenoise models are simple and
allow a time-efficient modelingwith a systemsimulator.
However, they areoversimplified,sincethey disregardthe
combinationof high-passfiltering and low-passfiltering
of noisein a PLL.

This paperdescribes,how the PLL outputphasecanbe
generatedfor behavioral systemmodeling with realistic
modelparameters.We take into accountVCO phasenoise
as well as phasenoise of the referencedue to white
noisesources.In addition,we consideran RF synthesizer
for a 60 GHz OFDM systemincluding correctionof the
commonphaseerror. The numericalapproachis verified
by comparisonof the simulated jitter with analytical
resultsfrom the literature.

I I . PHASE NOISE IN PLLS

In a PLL the VCO output phaseis divided by N and
comparedwith a referencephasein a phase-frequency
detector(PFD). A charge pump current proportional to

the phaseerror is produced,low-passfiltered andapplied
to the control input of the VCO (Fig. 1). We will first

Fig. 1. Schematicview of a charge-pumpPLL. The noisy VCO output
is dividedby N andphase-locked to a relatively cleanreferenceto define
the output frequency andto cleanthe VCO phasenoisespectrum.

describethe PLL outputnoiseassuminga noisy reference
andan idealVCO. Subsequently, we will considera noisy
VCO driven by an ideal reference.

The outputvoltageof an oscillator canbe written as���������
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is the excessphase.In a PLL the
phasenoiseof the referenceis low-passfiltered,while the
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whereN
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arethe linearphaseresponsesat
the PLL output referredto the phasenoisesource.Note
that N
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implies a multiplication by the division

ratio
1

, which enhancesthe referencenoise.

I I I . THE WIENER PROCESS AND THE NOISE OF THE

REFERENCE

The Wiener processwas applied to the phaseof nar-
rowbandoscillatorsby Stratonovich to calculatetheoutput
spectrumwhich representsa Lorentz function [17]. More



recently, this model was used to calculate the jitter of
free-runningO oscillators[18]. The Wiener processcan be
describedby the stochasticdifferentialequation[19]PP 	 ���!	��Q
SRT�!	��U$

(3)

where
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is white Gaussiannoise with the auto-
correlationfunction (ACF)V RT�
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and
[ \

is the phasediffusivity. Periodjitter andabsolute
jitter aregiven by [18]^ _ 
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and ^�f/g�h 
ji k ^�_Tl (6)

In orderto solve the differentialequation(3) numerically,
all quantitiesare to be calculatedon a discretetime grid	#mn
2oqpr	s�
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In this case,the standarddeviation of the noiseforce is,
accordingto (4), given by^�y 
{z ,|[T\p}	 l (8)

For white noisesourceswe cancalculatethe phasediffu-
sivity from the single-sidebandphasenoiseaccordingto
[18] [T\~
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where the phase noise must be taken at a frequency
offset % from the carrier % � in the region where� ������� v�) % e correspondingto a -20 dB/decadeslopeof� 
av�u|�w�?� � � ����� � .

IV. THE ORNSTEIN-UHLENBECK PROCESS AND THE

VCO DEVICE NOISE

The Ornstein-Uhlenbeckprocessis describedby the
Langevin equation[19]PP 	 ���
	��(�����U���!	��0
�RT�!	��I$

(10)

wheretheauto-correlationfunction(ACF) of theGaussian
noiseforce is given byV RT�
	U�XW��:RT�
	��ZY&
2,?[ \ ]+�
W�� l (11)

From the steady-stateACFV ���
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we obtain the two-sidedPSD of
�
, which is the Fourier

transformof the ACF accordingto the Wiener-Khintchine
theoremandreads� \C�F�Q��
 ,N[T\� e ��� e� l (13)

Figure 2 shows four realizations of the Ornstein-
Uhlenbeckprocess.In contrastto theWienerprocess,this
processhasa stationarysolution.
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Fig. 2. Four realizationsof the Ornstein-Uhlenbeckprocessgenerated
by (10).

The phasenoise spectrumof a free-runningVCO is
high-passfilteredin a PLL, which givesfor a second-order
charge-pump-PLLmodel [16]
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where
�

is the damping factor and
� � 
�,*. % � the

naturalangularfrequency. Integratingthe phasenoiseand
multiplying the result by � )+�-,*.��t
�v�)�� �

results in the
absolutejitter given by [12]
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For anoverdampedPLL onecanneglect
� e�

in (14) which
yields � >+=?=\ �F�Q��
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with
� � 
¢,?�*���

. We concludethat the VCO noise is
filteredby afirst-orderhigh-passof bandwidth

� � 
2,*. % �
(in rad/s).The absolutejitter is [9]
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Comparisonof (15) and(17) shows that the second-order
loop hasthe sameabsolutejitter as the first-orderloop if
we have % � 
¤,?� % � . This allows to modela second-order
loop (also if not overdamped)asa first-orderloop, if the
steady-stateabsolutejitter is the crucial parameterin the
system.Thespectrum(16) is identicalto (13)whichshows
thattheLangevin equation(10) adequatelydescribesVCO
noisefiltering in a first-orderPLL.

Figure3 illustratesthat for a PLL, in contrastto a free-
runningoscillator, theensembleaverageof thetiming error
convergesto a steady-statevalue,wherethe time constant
is the inversePLL loop bandwidth

W��¥
{v�)����
asderived

by McNeill [2].

V. ALGORITHM FOR NUMERICAL GENERATION OF

PLL OUTPUT VOLTAGE

The recommendedprocedurefor the generationof the
PLL outputvoltageis as follows.
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Fig. 3. Deviation of numericalabsoluterms jitter from analyticalresult
(17). The numericalvaluewasobtainedby averaginga large numberof
Ornstein-Uhlenbeckprocessrealizationsgeneratedby (10).

© Determinethe phasenoise
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and
[ ACB @\ from (9).© Generatewhite Gaussiannoise with the standard

deviation (8) on a time grid (7).© Integrate the differential equation (3), low-pass
filter the result to obtain the first contribution� ¬ �!	��0
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deviation (8) on a time grid (7).© Integratethe differential equation(10) to obtain the
secondcontribution to the PLL phase
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This algorithm representsa recipe for an easy but
realisticdescriptionof the noisy PLL outputvoltagefrom
the oscillatorphasenoiseand the loop bandwidth.

VI . PHASE ERROR SIMULATION FOR OFDM

In an OFDM systemthe carriersare separatedby the
sub-carrierspacing

�°p % �#± f�² 
³v*) �U´ , where �U´ is the
useful part of the symbol length, that is, the length of
theFouriertransformationinterval [13]-[15]. Theso-called
common phaseerror (CPE) in an OFDM system can
be eliminated by subtractingthe mean phasefor every
symbol.This operationcan be modeledin the frequency
domain by a high-passfilter [20]. Combining this high-
passfilter with filtering due to PLL action,we obtain for
the weightedPLL phasenoisespectrum� >+=N= 
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where the “sinc” function is defined by
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. The high-passfilter
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nificantly improvesthe integratedphasejitter, if the sub-
carrierspacing

v*) �U´ is larger than the loop bandwidth %�Ä
[21].

Integratingthe spectrum,we obtainthe rms phaseerror
given by [12]
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The upper integration limit is half the bandwidthof the
whole OFDM band. This correspondsto the “middle-
carrier” weightingfunctionasrepresentative for thewhole
OFDM signal [20]. A PLL is usually modeled as a
second-ordersystem. For the charge-pump PLL under
considerationthe LPF transferfunction is given by [16]¶ =N>+@ �-É���
 ,?�*���+Éq�¼� e�É�e0�6,?��� � ÉÊ���0e� $

(20)

where
�

is the dampingfactor, and
� �

is the naturalan-
gular frequency. As explainedabove, the transferfunction
canbe approximatedby a first-orderfilter accordingto¶~=N>+@(�-É�� ¡ � ÄÉQ��� Ä $ (21)

where the loop bandwidth (in rad/s) is given by
� Ä 
,������

. Equation(19) in conjunctionwith (18) andthefilter
function (20) or (21), respectively, allows the effective
phaseerror ^ \ to be calculatedfrom circuit parameters
andthe carrierspacing.

We have calculated the rms phase for a 60 GHz
RF synthesizerwith a phasenoise of -90 dBc/Hz at
1 MHz frequency offset and a divider ratio of N=1024
as presentedin [1]. The calculation was done both in
the time domain and in the frequency domain for three
different phasenoise levels of the crystal reference.We
used an FFT period of � ´ 


640 ns correspondingto
a sub-carrierspacingof 1.5625MHz. Due to this large
bandwidth the neglection of

v�) % -noise in the model is
justified, since it is eliminatedby the high-passfilter in
(18).Figure4 shows thermsphaseerror for thefirst-order
model both from time-domainsimulation (symbols)and
from the frequency-domainmodelgivenby (19) shown as
solid lines. The close agreementdemonstratesthe high
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Fig. 4. RMS phaseerror after correctionof commonphaseerror from
frequency domain model (19) and from time-domainsimulation as a
function of the loop bandwidth.

accuracy of the simulations and the frequency-domain
model for predictingthe phaseerror after common-phase
error correction.



VII . CONCLUSION

We have presentedandverifiedanalgorithmto generate
the PLL outputvoltagefor behavioral systemsimulations
in the time domain. We have included the two most
important noise sourcesin an integrated PLL, namely,
white noisein the referenceoscillatorandwhite noisein
thevoltage-controlledoscillator. While thefirst is low-pass
filtered in a PLL, the secondis high-passfiltered. The
numerical parametersare derived from oscillator phase
noiseand the loop bandwidth

� �
. The noisebehavior of

a second-orderPLL with the natural angular frequency���
and dampingconstant

�
can be approximatedby a

first-orderPLL, if we identify
� �

with
,*�����

. We applied
the model to a 60 GHz RF synthesizerfor an OFDM
system,wheretheoscillatornoiseparametersarebasedon
measureddata.Thesimulatedrmsphaseerroragreeswith
the integratedphasenoisespectrumincludinga weighting
function for the removal of the common phaseerror.
Our model facilitates realistic bit-error-rate calculations
in communicationsystems.It can be used to estimate
the VCO phase noise required to meet given system
specifications.This will help to choosean appropriate
technology (InP, GaAs-HEMT, GaAs-HBT, SiGe-HBT,
BiCMOS, CMOS) for a given system,where a trade-
off betweenphasenoise performanceand cost must be
considered.
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