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Abstract— This paper presentsa compact model of a
noisy phase-locled loop (PLL) for inclusion in a time-
domain systemsimulation. The phasenoise of the reference
is modeled as a Wiener process,and the phase noise
contribution of the voltage-controlled oscillator (VCO) is
described as an Ornstein-Uhlenbeck process.The model is
applied to phaseerror modeling for a 60 GHz OFDM system
including correction of the common phase error. A close
agreementis obsewed betweenthe time-domain simulation
and a frequency-domainmodel.

|. INTRODUCTION

Integratedphase-lockd loops have found a wide range
of applicationsincluding clock generationin micropro-
cessors,clock and data recovery circuits in fiber-optic
recevversand generatiorof the samplingclock in analog-
to-digital corverters(ADC). The phasenoiseperformance
of integratedPLLs is especiallycritical in RF synthesizers
for 60 GHz WLAN [1] and automotve radarat 77 GHz,
which hasmotivatedthis work.

Many publicationson PLL noise modeling have ap-
pearedduring the last few years[2]-[12] mainly focussed
on behaioral circuit simulation. For systemsimulations
a more abstractPLL model is requiredto minimize the
simulation time and the required knowledge on circuit
level. In [13]-[15] phasenoise hasbeendiscussedn the
context of OFDM. Thesenoise models are simple and
allow a time-eficient modelingwith a systemsimulator
However, they areoversimplified,sincethey disregardthe
combinationof high-passfiltering and low-passfiltering
of noisein a PLL.

This paperdescribeshow the PLL outputphasecanbe
generatedfor behaioral systemmodeling with realistic
modelparametersWe take into accountVCO phasenoise
as well as phasenoise of the referencedue to white
noisesourcesin addition,we consideran RF synthesizer
for a 60 GHz OFDM systemincluding correctionof the
commonphaseerror. The numericalapproachis verified
by comparisonof the simulated jitter with analytical
resultsfrom the literature.

Il. PHASE NOISE IN PLLS

In a PLL the VCO output phaseis divided by N and
comparedwith a referencephasein a phase-frequenc
detector(PFD). A chage pump current proportional to

the phaseerror is producedow-passfiltered and applied
to the control input of the VCO (Fig. 1). We will first
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Fig. 1. Schematicview of a chage-pumpPLL. The noisy VCO output
is divided by N andphase-lockd to arelatively cleanreferenceo define
the outputfrequeng andto cleanthe VCO phasenoisespectrum.

describethe PLL outputnoiseassuminga noisy reference
andanideal VCO. Subsequentlywe will considera noisy
VCO driven by anideal reference.

The outputvoltageof an oscillator can be written as

Vout (t) = Vo cos|wot + dous ()], 1)

whereV} is theamplitude,fo = wg/(27) is the oscillation
frequeng, and ¢oy¢ (t) is the excessphase.n a PLL the
phasenoiseof the referencds low-passfiltered, while the
VCO noiseis high-pasdiltered [16] resultingin the total
phaseerror

bous(t) = N /0 " hpr (#)6RFT (£ — t1) +

/ h dt'hupr(t') VO (t — '), 2
0

whereN hypr and hgpr arethelinear phaseresponsest
the PLL output referredto the phasenoise source.Note
that N hppr(t') implies a multiplication by the division
ratio N, which enhanceshe referencenoise.

I1l. THE WIENER PROCESS AND THE NOISE OF THE
REFERENCE

The Wiener processwas appliedto the phaseof nar
rowbandoscillatorsby Stratonwich to calculatethe output
spectrumwhich represents Lorentz function [17]. More



recently this model was usedto calculatethe jitter of
free-runningoscillators[18]. The Wiener processcan be
describedby the stochastiddifferential equation[19]

d

—o(t) = F(t 3
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where F(t) is white Gaussiannoise with the auto-
correlationfunction (ACF)

< F(t+T1)F(t) >=2Dgyé(1), (4)

and D, is the phasediffusivity. Periodjitter andabsolute
jitter aregiven by [18]

_ 47TD¢, _ D¢,
or = w(?), - \/27T2f3 ) (5)
and
Oabs = \/’EUT - (6)

In orderto solve the differentialequation(3) numerically
all guantitiesareto be calculatedon a discretetime grid

te=kAt (k=0,1,2,...). @)

In this case,the standarddeviation of the noiseforce is,
accordingto (4), given by

2D,

=\ 52 ®)

For white noisesourceswe can calculatethe phasediffu-
sivity from the single-sidebangbhasenoise accordingto
(18]
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SZSB w® = Sgsp 21”2, 9)
where the phase noise must be taken at a frequeny
offset f from the carrier fo in the region where
Sss o< 1/ f? correspondingo a -20 dB/decadeslope of
£ = ].OIOg(SSSB).

IV. THE ORNSTEIN-UHLENBECK PROCESS AND THE
VCO DEVICE NOISE

The Ornstein-Uhlenbeckprocessis describedby the
Langevin equation[19]

Dy =

Do) +wra() = F), (10)

wherethe auto-correlatiorfunction (ACF) of the Gaussian
noiseforce is given by

< F(t+1)F(t) >=2D4d(T). (11)
From the steady-stat&ACF
<B4 100 >= L exp(-wlr) (12

we obtain the two-sidedPSD of ¢, which is the Fourier
transformof the ACF accordingto the WienerKhintchine
theoremandreads

2D,
w? +wj

S¢(w) = (13)
Figure 2 showvs four realizations of the Ornstein-
Uhlenbeckprocessin contrastto the Wienerprocessthis
processhasa stationarysolution.
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Fig. 2. Four realizationsof the Ornstein-Uhlenbeclprocessgenerated
by (10).

The phasenoise spectrumof a free-runningVCO is
high-pasdilteredin a PLL, which givesfor a second-order
chage-pump-PLLmodel [16]

2

2D w
PLL ¢

14
Sp (W) = w? |w? = 2jCwpw — w2 | (14)
where ¢ is the damping factor and w,, = 2xf, the

naturalangularfrequeng. Integratingthe phasenoiseand
multiplying the resultby 7'/(27) = 1/wp resultsin the
absolutejitter given by [12]

SVCO SVvCo
Pg_lL — SSB (15)
7abs SWCfn 87 fn

For an overdampedDLL onecanngglectw? in (14) which
yields

2D¢ w2
w? w?+w?

Set(w) = (16)
with wr, = 2{w,. We concludethat the VCO noise is
filteredby afirst-orderhigh-pasof bandwidthwy, = 27 fr,
(in rad/s).The absolutsjitter is [9]

SVCO SVCOo
PLL ~SSB (17)
Tabs f0 477 L Arfr

Comparisorof (15) and(17) shows that the second-order
loop hasthe sameabsolutejitter asthe first-orderloop if
we have fr, = 2(f,,. This allows to modela second-order
loop (alsoif not overdamped)ps a first-orderloop, if the
steady-stat@bsolutgjitter is the crucial parameteiin the
systemThespectrun(16)is identicalto (13) which shovs
thatthe Langevin equation(10) adequatehdescribes/CO
noisefiltering in a first-orderPLL.

Figure3 illustratesthatfor a PLL, in contrastto a free-
runningoscillator theensembleverageof thetiming error
cornvergesto a steady-stat®alue, wherethe time constant
is the inversePLL loop bandwidthr;, = 1/wy, asderived
by McNeill [2].

V. ALGORITHM FOR NUMERICAL GENERATION OF
PLL OUTPUT VOLTAGE

The recommendegbrocedurefor the generationof the
PLL outputvoltageis asfollows.
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Fig. 3. Deviation of numericalabsolutermsjitter from analyticalresult
(17). The numericalvalue was obtainedby averaginga large numberof
Ornstein-Uhlenbeclprocessealizationsgeneratedy (10).

+ Determinethe phasenoise £ [dBc/Hz] of the refer
encefrom measurementr datasheet.

« CalculateSssg = 10£/1° and DEFF from (9).

« Generatewhite Gaussiannoise with the standard
deviation (8) on atime grid (7).

« Integrate the differential equation (3), low-pass
filter the result to obtain the first contribution
¢1(t) =Nwy, [;° dt' exp(—wrt')p(t—t') to the PLL
phaseerror.

+ Determinethe phasenoise £ of the VCO by mea-
surementsimulationor from datasheet.

« CalculateSsgg = 104/1% and DY°© using(9).

« Generatewhite Gaussiannoise with the standard
deviation (8) on a time grid (7).

« Integratethe differential equation(10) to obtainthe
secondcontribution to the PLL phaseg. (t).

o Substitutegoys (t) = ¢1(t) + ¢2(t) into (1).

This algorithm representsa recipe for an easy but
realisticdescriptionof the noisy PLL outputvoltagefrom
the oscillator phasenoise and the loop bandwidth.

VI. PHASE ERROR SIMULATION FOR OFDM

In an OFDM systemthe carriersare separatedy the
sub-carrierspacing (A f)car = 1/T,, where T, is the
useful part of the symbol length, that is, the length of
theFouriertransformatiorinterval [13]-[15]. Theso-called
common phaseerror (CPE) in an OFDM system can
be eliminated by subtractingthe mean phasefor every
symbol. This operationcan be modeledin the frequeny
domainby a high-passfilter [20]. Combiningthis high-
passfilter with filtering dueto PLL action,we obtain for
the weightedPLL phasenoisespectrum

Ser = (Sveo|l — Hupr|* + N?Srer |Hipr|?) X
[1- sinc? (fTJ)] » (18)

where the “sinc” function is defined by sinc(z) =
sin(rz)/(wx). The high-passfilter [1 — sinc?(fT,)] sig-
nificantly improvesthe integratedphasejitter, if the sub-
carrierspacingl /T, is larger thanthe loop bandwidth f;
[21].

Integratingthe spectrumwe obtainthe rms phaseerror
givenby [12]

B/2
oy [rad] = \/ 2 /0 df Ser(f) -

The upperintegration limit is half the bandwidthof the
whole OFDM band. This correspondsto the “middle-
carrier” weightingfunction asrepresentatie for the whole
OFDM signal [20]. A PLL is usually modeled as a
second-ordersystem. For the chage-pump PLL under
consideratiorthe LPF transferfunction is given by [16]

(19)

2¢wns + w2
82 + 2Cwps + w2’
where( is the dampingfactor and w,, is the naturalan-
gularfrequeng. As explainedabove, the transferfunction
can be approximatedy a first-orderfilter accordingto

wi
s+w’ (21)
where the loop bandwidth (in rad/s) is given by w; =
2¢wy,. Equation(19) in conjunctionwith (18) andthefilter
function (20) or (21), respectiely, allows the effective
phaseerror o, to be calculatedfrom circuit parameters
andthe carrier spacing.

We have calculatedthe rms phasefor a 60 GHz
RF synthesizerwith a phase noise of -90 dBc/Hz at
1 MHz frequeng offset and a divider ratio of N=1024
as presentedin [1]. The calculation was done both in
the time domainand in the frequeny domain for three
different phasenoise levels of the crystal reference.We
used an FFT period of T,, =640 ns correspondingto
a sub-carrierspacingof 1.5625MHz. Due to this large
bandwidth the neglection of 1/ f-noisein the modelis
justified, sinceit is eliminatedby the high-passfilter in
(18). Figure4 shaws the rms phaseerrorfor thefirst-order
model both from time-domainsimulation (symbols)and
from the frequeng-domainmodelgivenby (19) shavn as
solid lines. The close agreementdemonstrateghe high

HLPF (S) = (20)
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Fig. 4. RMS phaseerror after correctionof commonphaseerror from
frequeny domain model (19) and from time-domainsimulation as a
function of the loop bandwidth.

accurag of the simulations and the frequeng-domain
modelfor predictingthe phaseerror after common-phase
error correction.



VIlI. CONCLUSION

We have presentecdndverifiedan algorithmto generate
the PLL outputvoltagefor behaioral systemsimulations
in the time domain. We have included the two most
important noise sourcesin an integrated PLL, namely
white noisein the referenceoscillator and white noisein
thevoltage-controlledscillator While thefirst is low-pass
filtered in a PLL, the secondis high-passfiltered. The
numerical parametersare derived from oscillator phase
noiseand the loop bandwidthwy,. The noise behaior of
a second-ordefPLL with the natural angular frequeny
wn and damping constant{ can be approximatedby a
first-orderPLL, if we identify wy with 2w, (. We applied
the model to a 60 GHz RF synthesizerfor an OFDM
systemwherethe oscillatornoiseparametersirebasedon
measuredlata.The simulatedrms phaseerror agreeswith
theintegratedphasenoisespectrumincluding a weighting
function for the removal of the common phaseerror.
Our model facilitates realistic bit-errorrate calculations
in communicationsystems.It can be usedto estimate
the VCO phase noise required to meet given system
specifications.This will help to choosean appropriate
technology (InP, GaAs-HEMT, GaAs-HBT, SiGe-HBT,
BiCMOS, CMOS) for a given system,where a trade-
off betweenphasenoise performanceand cost must be
considered.
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